In this paper, the generalized q-Bessel function, which is a generalization of the known q-Bessel functions of kinds 1, 2, 3, and the new q-analogy of the modified Bessel function presented in (Mansour and Al-Shomarani in J. Comput. Anal. Appl. 15(4):655-664, 2013) is introduced. We deduced its generating function, recurrence relations and q-difference equation, which gives us the differential equation of each of the Bessel function and the modified Bessel function when q tends to 1. Finally, the quantum algebra E 2 (q) and its representations presented an algebraic derivation for the generating function of the generalized q-Bessel function. MSC: Primary 33D45; 81R50; 22E70
Introduction
The q-shifted factorials are defined by [] and μ by a, we get the following q-exponential function:
which satisfies the functional relation []
which can be rewritten by the formula
where
and satisfies the product rule
There are two important special cases of the function E q (x, a)
and
The q-Bessel functions of kinds ,  and  are defined by [] 
The functions J 
Recently, Mansour and et al.
[] studied the following q-Bessel function:
which is a q-analogy of the modified Bessel function. In this paper, we define the generalized q-Bessel function and study some of its properties. Also, in analogy with the ordinary Lie theory [, ], we derive algebraically the generating function of the generalized q-Bessel function.
The generalized q-Bessel function and its generating function
Definition . The generalized q-Bessel function is defined by
which converges absolutely for all x when a ∈ Z + and for |x| <  if a = . http://www.advancesindifferenceequations.com/content/2013/1/121
Hence, we get
where J n (x) is the Bessel function and I n (x) is the modified Bessel function.
Proof Using the definition (), we get
and using the relations []
we obtain
Lemma . The function J n (x, a; q) satisfies the relation
and hence it is even (or odd) function if the integer n is even (or odd). Now we will deduce the generating function of the generalized q-Bessel function J n (x, a; q).
Theorem  The generating function g(x, t, a; q) of the function
For s = r -n, we get
Hence, for n ≤ , the coefficient of t n is given by
where (q, q) r-n = (q; q) -n (q -n+ ; q) r for n ≤ . Then
Similarly, for n ≥ .
As special cases of g n (x, t, a; q), we obtain
which is a generating function of the q-Bessel function J
n (x; q) and
which is a generating function of the q-Bessel function J 
By applying the operator D q , we get
Using equation (), we obtain
Similarly, we can prove the following relation:
By using equations () and (), we obtain
Equations () and () give the relation
Equations () and () give the relation
where the operator δ q is given by δ q f (x) = f ( √ qx).
Now consider the following operator:
then we can rewrite equation () by the formula
Also, equations () and () give the relation
If we consider the operator
then we can rewrite equation () by the formula
Hence, the q-difference equation of the function J n (x, a; q) takes the formula
If we replace h by  -q and consider the limit as q tends to , then we obtain
or
The differential equation () gives the Bessel function at a = , , , . . . and the modified Bessel function at a = , , , . . . , which proves again that J n (x, a; q) is a q-analogy of each of them.
4 The recurrence relations of the function J n (x, a; q) where (-) a+ αβ > .
As special cases: Considering () with a = , α = -β = , z = t and ω = , we obtain the relation ().
Considering () with a = , α = β = , z = t and ω = q / x  , we obtain the relation ().
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